Abstract. We prove that on the finitely generated free MV-algebras the only automorphism-invariant truth averaging process that detects pseudotrue propositions is the integral with respect to Lebesgue measure.
G. PANTI
separating subalgebra of Γ(C(X), 1). Obviously every Borel probability measure µ on X induces a state m on A via Lebesgue integration:
We must show that the map µ → m, when restricted to the set of regular measures, is a bijection. Let then m be a state on A, which uniquely induces a state -again denoted by m-on the ℓ-group with strong unit (G, 1) ⊆ (C(X), 1) enveloping A [7, Theorem 2.4]; as in [2, Chapter 4] , by a state on (G, 1) we mean a group homomorphism m : G → R which is positive (f ≥ 0 implies m(f ) ≥ 0) and normalized (m(1) = 1). Since G is torsion-free, it embeds in its divisible hull H = {qf : q ∈ Q, f ∈ G}, which is a sub-vector lattice of C(x) over the rationals. One sees easily that m extends uniquely to a state on (H, 1), via m(qf ) = q m(f ). By the lattice version of the Stone-Weierstrass Theorem, H is dense in C(X). Since m is positive, it is bounded ( f ∞ ≤ 1 =⇒ −1 ≤ f ≤ 1 =⇒ m(−1) ≤ m(f ) ≤ m(1) =⇒ |m(f )| ≤ m(1)), whence continuous. Therefore m can be extended uniquely to a state on (C(X), 1) via m(f ) = lim m(h n ), whenever f ∈ C(X) is the uniform limit of elements h n ∈ H. Note that m is still positive on C(X), since every 0 ≤ f ∈ C(X) can be written as the limit of positive elements of H. The proof is now completed by an application of the Riesz Representation Theorem [13, Theorem 2.14], which guarantees the existence of a unique µ ∈ P (X) that induces m.
Let us note that if every open set in X is σ-compact (i.e., a countable union of compact sets), then every Borel measure on X is regular [13, Theorem 2, 18 ]. This applies, in particular, when A is a countable MV-algebra. Indeed, in this case X is second countable, whence is metrizable and has σ-compact open sets. For countable A, we can then remove the word "regular" in the statement of Proposition 1.1.
If A, B are MV-algebras (not necessarily having 0 radical), X = MaxSpec A, Y = MaxSpec B, σ : A → B a homomorphism, then the dual S of σ is defined by S(m) = m • σ (at the level of states), or by S(p) = σ −1 [p] (at the level of maximal ideals). Recall that if S : Y → X is a Borel measurable map between topological spaces and µ is a Borel measure on Y , then the push-forward of µ by S is the Borel measure S * µ on X defined by (S * µ)(A) = µ(S −1 A). If now µ ∈ P (Y ) corresponds to m as in Proposition 1.1, then S(m) corresponds to S * µ. Indeed, for every f ∈ A, we have σ(f ) = f • S as a function on Y , and therefore
If in particular σ is an endomorphism of A = B, then m is σ-invariant iff (X, µ, S) is a measure-theoretic dynamical system.
The main result
Fix n ≥ 1, and let Free n be the free MV-algebra over n generators. It is well known that Free n has 0 radical, and that X = MaxSpec Free n is homeomorphic to the n-cube [0, 1] n ; see [5] , [6] , [8] for all unproved claims on free MV-algebras. A rational polyhedral complex is a finite set W of compact convex polyhedrons such that: (1) every polyhedron is contained in [0, 1] n , and all its vertices have rational coordinates; (2) if C ∈ W and D is a face of C, then D ∈ W ; (3) every two polyhedra intersect in a common face. We write |W | for the union of all elements of W . The range of the embedding n , its dual is the homeomorphism S :
. This is equivalent to saying that there exists a complex W as above and matrices P j ∈ Mat n+1 (Z), in 1-1 correspondence with the n-dimensional polyhedra C j of W , such that |W | = [0, 1] n and:
(1) every P j has last row (0 . . . 0 1); (2) P j expresses S ↾ C j in homogeneous coordinates (i.e., if p = (r 1 , . . . , r n ) ∈ C j and S(p) = (s 1 , . . . , s n ), then (s 1 . . . s n 1) tr = P j (r 1 . . . r n 1) tr ); (3) all P j have determinant +1, or they all have determinant −1.
We call these duals McNaughton homeomorphisms of the unit cube. Note that each of σ and S determines the other; indeed, given S as above, σ is the automorphism that maps x i to x i • S.
Throughout this paper λ (or λ n , when clarity requires) will denote the Lebesgue measure on [0, 1] n . We simplify notation by denoting a Borel measure and the state it induces by the same Greek letter. As remarked in [7] , λ has the following properties:
(A) λ(f ) ∈ Q for every f ∈ Free n ; (B) it is faithful: f = 0 implies λ(f ) = 0; (C) it is automorphism-invariant: for every f and every automorphism σ of 
Then µ n satisfies (A), (B), (C). These measures may exhibit pathological behaviour. Take, e.g., d = 4 and f (x 1 ) = x 1 ⊙ x 1 . We have A 1 4 = {1/4, 3/4}, and direct computation shows that integration w.r.t. µ 1 assigns f value 1/4. But we may as well consider f as an element of Free 2 , possibly making explicit the dummy variable as, say, under the canonical projection. Example 2.1 makes it clear that we cannot assign measures to the various n-cubes in an unrelated way, and explains the need for the following condition:
n be the canonical projection on the first n coordinates.
We say that the system {µ n } is coherent if µ n and the push-forward measure π * µ n+1 coincide for every n.
One shows easily that {µ n } satisfies (C) and (D) iff it satisfies (E) for every 1 ≤ m ≤ n and every embedding σ : Free m → Free n such that for some free generating set {f 1 , . . . , f m } of Free m the set {σ(f 1 ), . . . , σ(f m )} can be enlarged to a free generating set of Free n , we have µ m = S * µ n , where S is the dual of σ.
. . be an enumeration of the positive prime numbers. Let {a i } be nonnegative real numbers such that
n ), and let ν n di be the counting measure on B n di , giving each point mass 1/#B n di . Define
Then the system {µ n } satisfies (C) and (D). This holds because, for each
with fibers all of the same cardinality, namely d i − 1. If a 0 = 0, or if a i = 0 for infinitely many i's, then (B) holds as well.
We now state a condition that will characterize the system of Lebesgue measures. Definition 2.3. As usual in lattice theory, the pseudocomplement of f ∈ Free n is the largest g (if it exists) such that f ∧ g = 0. We say that f is pseudotrue if it has pseudocomplement 0. Let µ be a Borel measure on [0, 1] n , and write kf for f ⊕ f ⊕ · · · ⊕ f (k times). We say that µ detects pseudotruths if the following holds:
(F) for every pseudotrue f , sup{µ(kf ) : k ≥ 1} = 1.
The 0-set of f ∈ Free n is Zf = {p ∈ [0, 1] n : f (p) = 0}. We have that Zf = |W | for some rational polyhedral complex W , and conversely any such complex is the 0-set of some f ; this follows from the theory of Schauder hats [6] , [8] . The sequence f, 2f, 3f, . . . is nondecreasing, and its pointwise limit is the characteristic function of the support of f , the latter being supp f = [0, 1] n \Zf . For every Borel measure µ on [0, 1] n , we have sup µ(kf ) = lim µ(kf ) = µ(supp f ) by the Monotone Convergence Theorem.
For every nonempty open set U there exists a g = 0 such that supp g ⊆ U [5, Proposition 4.17]. Therefore, f is pseudotrue iff f ∧ g = 0 for every g = 0 iff supp g ⊆ Zf for every g = 0 iff Zf has empty topological interior. Summing up, (F) is equivalent to (F ′ ) if W is a rational polyhedral complex such that |W | has empty interior, then µ(|W |) = 0. The following is our main result. n that detects pseudotruths. Then, for every n ≥ 2, we have µ n = λ n . If moreover the system {µ n } is coherent, then µ 1 = λ 1 as well.
3. The case n = 2
The key point in establishing Theorem 2.4 is the case n = 2. 
Rigidity is a recurrent theme in measurable dynamics. If X is a space on which a transformation R acts, then typically there is a multitude of R-invariant probability measures on X. But if we add a second transformation S which is incommensurable with R (i.e., no power of R is a power of S), then the set of measures invariant for both R and S may shrink down drastically, often just to the "obvious" ones. The most famous, and still unsolved, problem in this area is the Furstenberg Conjecture: the only nonatomic probability on the unit circle {z ∈ C : |z| = 1} which is invariant under both z → z 2 and z → z 3 is the Lebesgue measure. We shall prove Theorem 3.1 using such a rigidity approach. I must sincerely thank Carlangelo Liverani and François Ledrappier for explaining me the rigidity of the two-dimensional torus under the action of SL 2 Z; the insight they gave was the starting point of the present work.
We will denote rational points of the unit square switching freely between nonhomogeneous and homogeneous coordinates, e.g., the center of the square is either (1/2, 1/2) or (1 : 1 : 2). For h ≥ 0, define p 2 be the homeomorphism defined by: 
Proof. Let v ∈ K r . We may assume 1/ 2(k + 1) + 1 < r < 1/ 2k + 1 , since otherwise T k fixes v and R k fixes M (v). If u is another point in K r , we define the oriented distance between u and v as the length d(u, v) of the path which goes from u to v along K r in the counterclockwise direction (we normalize the total length of K r to be 1). We define analogously the oriented distance of two points of Q r . The differential of M maps the unit tangent vector ∂/∂θ| u to K r at u to a vector of constant module, namely either −2r/π ∂/∂y| Mu , or 2r/π ∂/∂x| Mu , or 2r/π ∂/∂y| Mu , or −2r/π ∂/∂x| Mu , depending on θ ∈ (−π, π)\{0, ±π/2}. Therefore, if u, v, u
. Both T k and R k preserve the oriented distance: this is clear for T k and can easily be checked for R ′ k , whence for R k . Fix u = (r, 0); explicit computation shows that
(the second step in the computation uses the matrix ( * ) displayed above), and therefore 2 , and µ disintegrates over ξ [11, p. 26] . This means the following: write ν = ρ * µ for the push-forward of µ on [0, 1] via ρ. Then for every r there exists a Borel probability measure µ r on Q r such that, for every µ-measurable A, we have:
whence we can neglect rational r's. Fix k ≥ 0; it suffices to show that the set of all irrational r in the interval (1/(2(k + 1) + 1), 1/(2k + 1)) such that µ r = τ r has ν-measure 0. Given such an r, consider the topological dynamical system (K r , T k ↾ K r ): it is a rotation by an angle of (1/r − 2k − 1)π, which is an irrational multiple of π. Irrational rotations are uniquely ergodic, i.e., preserve a unique probability Borel measure [14, § 6.5] . By Lemma 3.2, (K r , T k ↾ K r ) is topologically conjugate to (Q r , R k ↾ Q r ), which is therefore uniquely ergodic as well. Since R k ↾ Q r preserves the oriented distance, it preserves τ r . On the other hand, by [12, § 2.5], R k ↾ Q r preserves µ r for ν-every r; this settles our claim. Proof. Since the measures µ r are linear Lebesgue measures, they are invariant under "horizontal" translations inside T 1 ∪ T 3 , and under "vertical" ones inside T 0 ∪ T 2 . The statement is now immediate from the disintegration property (c). Proof. The proof is modeled on that of [13, Theorem 2.20(d) ], so we just sketch it.
Since the boxes contained in T o generate the Borel σ-algebra and η, λ are regular, it suffices to find c such that η(B) = cλ(B) for every box B ⊂ T o . Let h be minimum such that there exists an h-box C in T o , and let c = η(C)/λ(C). Let now k ≥ h, and let B be any k-box in T o . Then C is partitioned in 2 n(k−h) k-boxes and each of them, by translation invariance, has the same η-measure and the same λ-measure as B. Therefore
In order to apply Lemma 3.5, we need to find another family {S k : k ≥ 0} of McNaughton homeomorphisms that force µ to be invariant under translates along new (i.e., neither horizontal nor vertical) directions. For k ≥ 0, we consider the following complexes (again, we drawn a picture for k = 1): 
Then N is a homeomorphism between D and the rhombus E = q Explicit computation, exactly as in the proof of Lemma 3.2, shows that N conjugates the restriction of S k to E with the twist map (r, θ) → (r, θ + 2πh k (r)) on D. Again, µ disintegrates along the V r 's, and all the argument leading to Lemma 3.4 carries through. Setting, for i = 0, . . . , 3, H i = N {(r, θ) : 0 < r < 1, iπ/2 < θ < (i + 1) (mod 4) π/2} , we obtain the following Lemma. Proof. By construction, every C u is invariant under the action of G 2 . For a fixed R ∈ G 2 , the set U R of all u ∈ [0, 1] n−2 such that µ u is invariant under R ↾ C u has ν measure 1. Let W be a complex as stated. Then |W | × [0, 1] n−2 = |V | for some rational polyhedral complex V on [0, 1] n . By condition (F ′ ), µ n (|V |) = 0, and therefore the characteristic function of |V | equals 0 as an element of L 1 ([0, 1] n , µ n ). By the construction of the conditional measures (see, e.g., [10] ), the set U ′ W of all u such that µ n u (|V | ∩ C u ) = 0 has ν measure 1. Since G 2 is a countable group and there exist countably many complexes W as above, the set of all u that satisfy both (i) and (ii) has ν measure 1.
By Lemma 4.1 and Theorem 3.1, for ν-every u the conditional measure µ n u is the Lebesgue measure λ 2 , which is invariant under translations inside C u . The disintegration property
assures then that µ n is invariant under translations of the form (p, u) → (q+p, u), for q ∈ R 2 . But of course all the above construction can be repeated for any coordinate pair in [0, 1] n , and therefore µ n is invariant under any translation inside [0, 1] n . By Lemma 3.5, µ n is the Lebesgue measure λ n .
